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An invariant of convex structures-the depth-is used to study the structure of 
finite median graphs. The main result is a recursive description of graphs of given 
depth. This leads to a complete description of the cubical structure of the super- 
extension A(5) (answering a question in [ 191) and to a (less complete) description 
of superextensions n(r) for r > 5. An important tool is the construction of certain 
graphs p(r) of linked bipartitions of the r-point set r. For each r > 3, the graphs n(r) 
and p(r) have the same number of vertices, but they are isomorphic (modulo 
extreme points) for r 4 5 only. 0 1991 Academic Press, Inc. 
1. INTRODUCTION AND FRIXMNAIUES 
1.1. General Convexity. By a convex structure is meant a set X together 
with a family of subsets (called convex sets) which is closed under inter- 
sections and updirected unions. It is assumed throughout that singletons 
are convex. Each set A is included in a smallest convex set co(A), the 
convex hull of A. A half-space is a convex set with a convex complement. 
Note that @ and X are always half-spaces, called trivial. 
A convex structure is said to have 
- the separation property S 4r provided that disjoint convex sets 
extend to complementary half-spaces. 
- Helly number <n, provided that each finite collection of convex 
sets meeting n by n has a nonempty intersection, 
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- Radon number <n, provided that for each finite set F consisting of 
more than n points there is a bipartition {F,, F2} of F with co(F,) n 
co(F,) # /21. Such a partition is also called a Radon partition. 
General references are [9, 14, 171. 
1.2. Median Graphs. A convex structure having the separation property 
S4 and Helly number <2 is called median. The name refers to the function 
m: X3 -+X defined by 
m(a,b,c)=theuniquepointinco{a,b}nco(b,c}nco{c,a}, 
which has all the properties of a median operator (see [2] for this). 
Let G be a (reflexive) graph. One usually considers the geodesic 
conoexity on G, consisting of all geodesically convex sets. If this convexity 
happens to be median, then G is called a median graph. For an intrinsic 
characterization, see [ 121. For instance, if X is a median convex structure 
with finite segments (sets of type co{a, b}), then there is a natural graph 
structure on X, the edges of which are defined as pairs a, b with co{ a, 6) = 
{a, b}, and this graph is median. Moreover, its geodesic convexity equals 
the original convexity. 
The simplest example-and a building block for all other examples-is 
a hypercube (0, 1)” (henceforth called an n-cube, or simply a cube). Two 
other types of examples arise from constructions described below, and they 
will be of primary concern in this paper: simplex graphs (cf. [4]), and 
superextensions (cf. 21, 10, 161). Superextensions have been introduced as 
a construction in topology, and independently as “free” median algebras, 
cf. [ll]. 
The aim of this paper is to describe the structure of finite superexten- 
sions. A new invariant of convex structures-the depth-is introduced for 
this purpose; see Section 2. Let us briefly describe why we are interested in 
such a description. 
In [lS] it was shown that the Radon number r of a median continuum 
is almost completely determined by the dimension n of the underlying 
topological space. In fact, if rn denotes the Radon number of the solid 
n-cube, then 
rE{r,,r,+l). 
See Eckhoff [S] for a computation of r,,. The equality r = r,, + 1 can occur 
only for certain examples in (infinitely many) specific dimensions, among 
which are 1, 4, 15; see [ 193, A construction of such examples involves 
filling up the cubes of a median graph to solid cubes. For n = 4, the super- 
extension A(5) gave the desired 4-dimensional pattern, and in dimension 
n = 15 the superextension l(7) was used. Now A(5) has 81 vertices, but a 
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direct computation of its 4-dimensional cube pattern is fairly tedious. J.(7) 
has over l,OOO,OOO elements, which is hopeless. So it was asked in [19] to 
describe at least the structure of A(5). To this end, we will prove that 1(5) 
is isomorphic to a graph with a more transparent cubical pattern. 
Let us first recall some basic techniques and results of the theory of 
(finite) median convex structures. 
1.3. Nearest Points. If C is a nonempty convex set in a finite median 
convex structure, and if b E X, then there is a unique point c E C such that 
co(b, c> n C= (c). 
In these circumstances, c is called the nearest point of b in C, and we obtain 
a nearest-point function 
p: x+ c. 
We list a few properties of p which are of interest here; see [2,20]. 
(1) p is a retraction (i.e., p(c) = c for each CE C) and is convexity 
preserving (CP) (i.e., p inverts convex sets to convex sets). 
(2) If H&X is a half-space meeting C in a nonempty proper subset, 
then b and p(b) are both in H or are both in X\H. 
(3) A nontrivial relative half-space K of C extends uniquely (by (1) 
and (2)) to a half-space of X, viz., p-‘(K). 
(4) p maps convex sets to convex sets (this is true for any CP surjec- 
tion between median convex structures). 
(5) Let A, B be disjoint convex sets with nearest point functions 
p,:X-tA; pe: X+ B. 
Then the sets A’ = p,(B) 5 A and B’ = p,(A) 2 B are convex (by (4)), and 
the restrictions 
A’ --, B’, of pe; 
B’+ A’, ofp,, 
are well defined and mutually inverse. 
1.4. Base-Point Orders and Median Semilattices. For the moment, let X 
be any S4 convex structure, and let b E X. There is a partial order Go on 
X defined as follows. 
u<v iff uEco{b, v}. 
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In a median convex structure, this so-called base-point order is defined 
equivalently by 
U&V iff m(b, U, v) = U; 
cf. [15]. Here are a few facts concerning this order in a median structure. 
(1) (X, &,) is a meet semilattice, such that each pair of points has a 
supremum provided it has an upper bound. Regarded as a lattice, each 
order interval [b, u] is distributive. 
(2) If F s X is a nonempty finite set of points which pairwise have an 
upper bound, then F has an upper bound (and hence a supremum). 
A semilattice with these properties is usually called a median semilattice. 
In addition, the following properties are easily verified. 
(3) If F is a nonempty finite set included in a half-space H, and if 
sup(F) exists, then it is also in H. 
(4) If Q is a cube in a median graph and if b, c E Q are antipodes, 
then c is the supremum of all neighbors of b in Q. 
2. DEPTH 
2.1. DEFINITION. Let X be a convex structure. The depth of X is defined 
to be the largest possible length of a chain of nontrivial half-spaces. It is 
reasonable to require that X satisfies the separation property Sq. 
The following types of examples are instructive. 
(1) The n-cube 10, 11” is a basic example of a median graph. For 
n = 0 we just have a singleton, which is the only median graph of depth 
zero. So let n > 0. Then the nontrivial halfspaces are exactly the (n - l)- 
faces, which only allows us to form chains of length one. Conversely, if G 
is a finite median graph of depth one, then every nontrivial half-space is 
both maximal and minimal, which implies that G is a cube [S, 191. 
More generally, let G be a finite median graph, and let H & G be a mini- 
max half-space, that is, H is a nontrivial half-space which is both minimal 
and maximal. By using the nearest-point projection p: G + H and the 
natural CP function q: G + { 0, 1 } with q(x) = 1 iff x E H, we arrive at a CP 
function 
(P, 4): G --) Hx (0, I}, 
which is easily seen to be an isomorphism. If H, #H, G\H is another 
minimax half-space, then HI n H is a relative minimax half-space of H. 
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Conversely, a relative minimax half-space of H can be turned into a mini- 
max half-space of the original space by taking its inverse image under the 
nearest-point projection. Hence the process of splitting off a factor (0, 1 } 
can be repeated until one eventually arrives at a product of a cube with a 
median graph having no minimax half-spaces. 
(2) By a simplex in a graph is meant a finite set of pairwise adjacent 
vertices. Note that the empty set is always a simplex. For a given graph F 
we let a(F) denote the set of all simplices. Two members of o(F) form an 
edge provided they differ in at most one point. The resulting graph is called 
the simpiex graph of F; it is always a median graph. See [4], where it was 
also shown that the nontrivial half-spaces of a(F) are precisely the sets of 
type 
H(v)= {S) v~%o(F)}, 
for v a vertex of F, and their complements. 
2.2, LEMMA. A nontrivial half-space of a finite median graph is minimal 
iff it does not include a maximal cube. 
Proof: Let H be a nontrivial half-space of the median graph G, let 
p: G + H be the nearest-point function, and let Q E H be a cube. 
Case I. Q g p(G\H). 
By Section 1.3(4), the set p(G\H) is convex and hence there is a half- 
space HO of G and a vertex v E Q with 
By Section 1.3(2) we find that HO does not meet G\H either, so H,c H, 
and hence H is not minimal. 
Case II. Qs p(G\H). 
Let H’= G\H and let p’: G + H’ be the nearest-point projection. By 
1.3(5) we obtain a copy Q’=p’(Q) in H’. As H, H’ partition G, we find 
that each pair x, p’(x) with XE Q must be an edge. So we have two 
isomorphic copies of a cube in G, and each pair of vertices corresponding 
under the isomorphism forms an edge. It easily follows that Q u Q’ is again 
a cube in G, and hence that Q is not maximal. 
This shows that a minimal half-space never includes a maximal cube. As 
to the converse, let H,, be a nonminimal half-space of G, say, there is 
another half-space H, c H,. Pick a vertex v E HI and let Q be a maximal 
cube of G containing v. Note that Q g H,, and that Q meets HO, whence 
by the Helly property we find that Q meets H,,\H,. Now Q must be 
included in H,,, for otherwise H,, HO induce a chain of nontrivial relative 
half-spaces of Q, contrary to the fact that cubes are of depth one. 1 
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2.3. PROPOSITION. A finite median graph is a simplex graph iff there is a 
vertex which is common to all maximal cubes. 
Prooj Let G = a(P) for some graph F. Then the desired vertex is @. 
Indeed, the vertices of a maximal cube are the subsets of a clique (maximal 
simplex) of F; see [4]. 
Conversely let G be a finite median graph with a vertex vO contained in 
all maximal cubes. A graph F with o(F) = G is obtained as follows. Its 
vertices are the proper neighbors v of vO, and two distinct neighbors form 
an edge in F provided they belong to a square (4-cycle) in G. Consider the 
function 
f: a(F) -+ G, f(S) = sup(S). 
where “sup” refers to the base-point order of vO. In particular, sup(@) = vO. 
To see that f is surjective, let w  E G and consider a maximal cube Q & G 
containing o. Then Q contains v,,, and the segment Q’ = co(v,,, w} is a 
subcube. Let S be the set of proper neighbors of vO which are in Q’. Then 
by Section 1.4(4) we find that w  = sup(S). 
To see that f is injective, let S, # S2 be simplices of F, and take a vertex 
v in, say, SI\S,. There is a half-space Hs G with v E H, v,, +! H. Then 
v~co(v~,f(S~)} implies that f(S,) is in H. If v’ is another neighbor of v. 
then V~ECO(V’, v}, and hence v’ cannot be in H. By Section 1.4(3), 
sup(S,) E G\H and it follows that sup(S,) # sup(S,). 
We finally show that f is CP. Let H 5 G be a nontrivial half-space. 
Without loss of generality, v. $ H. Arguing as above, we find that there is 
exactly one neighbor v of v. contained in H. It follows that 
f-‘(H)= (S 1 VESELT(F)}, 
where the right-hand set is a half-space of a(F). i 
We note that this “central” vertex need not be unique. Actually, the set 
of all central vertices is a cube, and any two of its vertices can be separated 
by a minimax half-space. Therefore, this cube serves as a direct factor of 
the given graph by virtue of a remark in 2.1. 
The next result provides a recursive description of depth involving 
central convex sets. 
2.4. THEOREM. A finite median graph G has depth k B 2 iff there is a con- 
vex set Cc G of depth k - 2 meeting each maximal cube of G. All convex 
sets C minimaI with respect to this property are isomorphic. 
Proof. Let G be of depth k > 2, and consider a maximal chain of 
nontrivial half-spaces 
H1cHzc ... cH,. 
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Then H, and G\H, are minimal half-spaces of G, which we regard as the 
left and right layers of the chain. Note that “left” and “right” interchange 
when passing to the chain of complements. 
A convex set Cc G with the desired properties is obtained as follows. 
For each maximal chain of half-spaces of length q > 1 we wish to remove 
the left and right layers from G, and for each pair of complementary 
minimax half-spaces we wish to remove exactly one of them. The resulting 
complementary sets are convex and they meet two by two, as one can 
easily verify. Hence their intersection is a nonempty convex set C by the 
Helly property. 
Let Q 5 G be a maximal cube, and suppose that Q n C = 0. Then there 
is a half-space H of G with 
Then H is not minimal by Lemma 2.2, and it is not maximal either, since 
otherwise its complement would have been removed. Hence H meets the 
complements of the removed layers of each maximal chain as well as each 
minimax half-space, and by the Helly property it will meet C, a contra- 
diction. 
To see that the depth of C is at most k - 2, consider a maximal chain of 
relative nontrivial half-spaces of C. After taking inverse images under the 
nearest point projection G + C, we obtain a chain of nontrivial half-spaces 
in G, and by (3) of Section 1.3 we find that this chain is maximal between 
its smallest and largest element. A maximal extension in G of our chain just 
involves the addition of perhaps a few initial or final members. If the 
extended chain were of length one, then it would consist of a minimax half- 
space of G which intersects C properly, a contradiction. So this chain is of 
length > 1, and in constructing C we stripped off its left and right layers. 
Hence the original chain in C can have length at most k - 2. 
On the other hand, let C be a convex set of depth 1 meeting each maxi- 
mal cube of G. and let 
be a chain of nontrivial half-spaces in G. Now H, is not a minimal half- 
space, and by Lemma 2.2 it includes a maximal cube of G. In particular, 
each Hi with i > 2 meets C. By considering the chain of complements, it 
follows that C g Hi for id k - 1. Then the sets Hi n C for i = 2, . . . . k - 1 
form a properly increasing chain of relative half-spaces in C, showing that 
k-211. 
Returning to our previous construction of C, we can now conclude that 
the depth of this set is precisely k - 2. We next show that this set C is mini- 
mal with respect to the property of meeting every maximal cube. Let 
582a/57/2-3 
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C’ c C be nonempty and convex, and consider a half-space H 1 C’ missing 
some point of C. Then G\H cannot be a minimal half-space, and by 
Lemma 2.2 in includes a maximal cube which misses C’. On the other 
hand, let C be a minimal set as described in the theorem. If H is a minimax 
half-space meeting C, and if Q is a maximal cube of G, then the sets 
Q, C, H have a common point by the Helly property, and it follows from 
the minimality of C that H n C = C. If H is a minimal half-space such that 
G\H is not minimal, then the latter includes a maximal cube, and by an 
argument as before, this cube also meets C\H. Hence Cn H = 0 by the 
minimality of C. Thus each minimal central convex set is obtained by strip- 
ping off all minimal half-spaces the complement of which is not minimal, 
and by taking away one element of each pair of complementary minimax 
half-spaces. 
In the presence of minimax half-spaces, the given graph can be decom- 
posed as a product of a median graph G’ with some cube Q, such that G’ 
has no minimax half-spaces. According to the previous argument, G’ has a 
unique minimal central convex set, C, say. Then each central minimal 
convex set of G is of type Co x {v}, where v E Q, and these sets are clearly 
isomorphic. 1 
It follows from Proposition 2.3 and Theorem 2.4 that the simplex graphs 
are exactly the median graphs of depth ~2. Another consequence is the 
following result. 
2.5. COROLLARY. Let G be a finite median graph and let a, b E G. Then 
the minimal length of a chain of cubes joining a and b equals the depth of 
co{a, b}. 
Proof First, suppose that a and b can be linked with a chain of n 
cubes. Every half-space separating between a and b must separate one of 
these cubes. As each cube has depth 1, it follows that every properly 
increasing chain of half-spaces separating between a and b can have at 
most n members. 
This shows that the depth of co(a, 6) is at most the minimal length of 
a cube chain joining a and b. The converse is established by induction on 
the depth k of the segment co { a, b}. For k = 1, we find that 4, b are in a 
common cube. So let k > 1. By Theorem 2.4, there is a convex subset 
C s co { a, b} of depth k - 2 and meeting every maximal cube in co{ a, 6). 
Then choose two maximal cubes Q, Q’ 5 co{ a, b} containing a and b, 
respectively, and take u E Q n C, v E Q’ n C. The depth of co { U, v} s C is at 
most k - 2, and by the inductive hypothesis there is a chain of at most 
k - 2 cubes linking u to v. Therefore, a and b can be joined with a chain 
of at most k cubes. 1 
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Chains of cubes actually correspond to paths in an appropriate graph GA 
associated with G. Namely, let GA be the graph having the same vertex set 
as G, where two vertices are adjacent iff they belong to a common cube of 
G. The depth of G is the maximal depth of a segment of G, and hence 
equals the diameter of GA by virtue of Corollary 2.5. 
The Helly property of convex sets in G translates to the Helly property 
of metric balls in GA. The metric ball with center v and radius r consists of 
all vertices x at distance <r from v. Recall (cf. [ 131) that a graph is a 
Helfy graph iff each finite collection of pairwise intersecting metric balls has 
a nonempty intersection. The clique graph K(F) of a graph F has the cliques 
of F as its vertices and pairs of intersecting cliques as edges. Regarded as 
sets, the cliques of GA are identical with the maximal cubes of G. This is 
so because a set consisting of vertices which are pairwise contained in cubes 
is already included in a cube (see [ 1, Proposition 33). Hence K( GA) can be 
regarded as the intersection graph of the maximal cubes of the median 
graph G. 
2.6. PROPOSITION. For each finite median graph G, the graphs GA and 
K(G’) are Helly graphs. 
Proof: Let B be a set of vertices of G which is a metric ball in GA with 
center v and radius r. Let x 4 B. Then by virtue of Corollary 2.5, the depth 
of co(v, x) is larger than r, and hence there is an increasing sequence of 
half-spaces 
HOcHIc ... cH, 
with v E HO and x $ H,. By reversing this argument, it follows that no point 
of G\H, is at distance <r from v in GA, whence B 5 H,. This shows that 
all metric balls in GA are convex sets of G, and it follows that GA is a Helly 
graph. 
It is shown by Bandelt and Prisner [3] that the clique graph of a Helly 
graph is again a Helly graph, whence JC(G’) is also a Helly graph. In fact, 
by adapting the first part of the proof, one can directly show that for each 
(maximal) cube Q in G the set of all vertices linked to Q by a chain of at 
most r cubes is a convex set. 1 
Note that because of a trivial cardinality reason, not every Helly graph 
(e.g., a triangle) is of the form GA for some median graph G. We do not 
know, however, whether every Helly graph is of the form K(G’) for a 
suitable median graph G. 
The iterated clique graph K(K(G”)) relates to the minimal central convex 
sets described in 2.4. Since the cliques of GA (i.e., the maximal cubes of G) 
have the Helly property, one obtains an isomorphic copy D of K(K(GI)) 
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within G-’ as follows; see [7] (cf. [3]). First, remove each vertex 1 
from GA whose neighborhood N(v) is properly included in some other 
neighborhood. Second, if Ss GA is a simplex consisting of vertices with the 
same neighborhood, which is not included in N(u) for u $ S, then delete all 
vertices of S except one. The resulting set D meets every clique of Cd (alias 
maximal cube of G). Unfortunately, the set D need not be convex in G, 
although it can be verified that its convex hull is a minimal central set in 
the sense of Theorem 2.4. 
3. THE STRUCTURE OF SUPEREXTENSIONS 
3.1. Superextensions l(r). A linked system in a set X is a collection of 
pairwise intersecting subsets of X. We let n(X) denote the set of all maximal 
linked systems (mUs) in X. For instance, for each point p E X the family 
is an mls. The resulting function I: X -+ n(X) is injective, and we will iden- 
tify X with Z(X). 
If A 5 X then A+ denotes the set of all mls’s containing A as a member. 
Then J(X) is equipped with the coarsest convexity turning each set of type 
A+ convex. This convexity is median, cf. [16], and the resulting convex 
structure L(X) is called the superextension of X. 
We will concentrate on the special case where X is the standard r-point 
set, henceforth denoted by r. The half-spaces of L(r) are exactly the sets of 
type A+ described above. Note that the original points occur as the 
extreme points (points with a convex complement) of J.(r), cf. [17]. The 
number of elements in n(r) is obviously finite; for r < 7, these values have 
been computed by Verbeek [21]. As observed in Definition 1.2, it follows 
that n(r) is also a median graph. However, this graphic structure is 
obtained indirectly, and is difficult to compute explicitly. 
By using the above description of half-spaces, it follows immediately that 
the depth of n(r) is r- 1. We will rather be interested in the convex subset 
A*(r) of n(r), obtained by deleting the r extreme points of n(r). This 
amounts to neglecting all singleton half-spaces of n(r) and their com- 
plements, yielding that the depth of i*(r) is r - 3. 
It has been shown in [19] that 
dim J(r) = 
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TABLE I 
Maximal Cubes in p(5) or i(5) 
Dimension Type # 
1 1 5 
3 12, 13, 23 10 
4 12, 13, 14, 15 5 
Note. A string of digits such as “12” is used as 
shorthand for the set { 1, 2). The type 12, 13, 14, 15, for 
instance, indicates a cube which is determined by a list 
of linked bipartitions of the kind 
(12,345); {13,245}; {14,235}; 115,234). 
For low values of r the situation is as follows. 
r = 3: depth A*(3) = 0, and hence A,*(3) is a singleton. 
r = 4: dim J.*(4) = 3; depth A*(4) = 1. Hence A*(4) is a 3-cube. 
r = 5: dim A*(5) = 4; depth A*(5) = 2. Therefore, A*(5) is a simplex 
graph; more precise information will be given in Table I and in Proposi- 
tion 3.4 below. 
r = 6: dim A*(6) = 10; depth A*(6) = 3, so A*(6) has a central cube 
which is met by all other maximal cubes. This central cube turns out to be 
the unique lo-dimensional cube (cf. Table II). 
Y= 7: dim A.*(7) = 15; depth A*(7) =4, so A*(7) has a central convex 
set which is a simplex graph. 
3.2. Graphs p(r) of Linked Bipartitions. Let P(r) denote the set of all 
bipartitions of the standard r-set, r. Recall that a subfamily of P(r) is linked 
provided every two sets coming from distinct partitions have a nonempty 
TABLE II 
Maximal Cubes in p(6) or A(6) 
Dimension Type # 
1 1 6 
3 12, 13, 23 20 
4 12, 13, 14, 156 60 
5 12, 13, 14, 15, 16 6 
5 12, 13, 145,146, 156 60 
7 12, 134, 135, 136, 145, 146, 156 15 
10 123,124, 125, 126, 134, 135, 136, 145, 146,156 1 
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intersection. Verbeek [21, pp. 29-301 showed that there is a bijection 
between n(r) and the set of all possible families of linked bipartitions of r, 
and he used this correspondence to do some counting in superextensions. 
Two members of P(r) form an edge provided they are linked. Then the 
graph p(r) is defined to be the simplex graph o(P(r)). Verbeek’s result 
states that #1(r) = #p(r). Note that a “1 versus r - 1” partition is linked 
to no other bipartition, and hence in p(r) we obtain r vertices which are 
linked to the central vertex only. The convex subset obtained by omitting 
these r vertices will be denoted by p*(r), in analogy with the notation for 
superextensions. Similarly, we use P*(r) to denote the set of nontrivial 
bipartitions. 
Let us take a closer look at p*(r) for low values of r. 
r= 3: No nontrivial partitions; P*(3)= Qr and hence p*(3) is a 
singleton. 
r = 4: There are three 50-50 partitions and they are all linked. Hence 
P*(4) is a 3-point simplex and p*(4) is a 3-cube. 
r = 5: There are 10 “2 versus 3” partitions, and they are determined by 
their 2-set components. For a direct description of P*(5), note that two 
2-sets form an edge iff they intersect. Hence P*(5) is the complement of the 
well-known Petersen graph. A list of type 
(1,2}, { 1, 3}, { 1,4}, { 1, 5) 
yields a 4-simplex of P*(5), corresponding to a 4-cube of p*(5). The role 
of “1” can of course be taken by 2, 3, . . . as well, and no other 4- (or higher) 
dimensional cubes can be formed. Moreover, two lists of the above kind 
share only one element. Thus we arrive at a total of live distinct 4-dimen- 
sional cubes in p*(5), which intersect pairwise in an edge. 
As for the general case, the Erdos-Ko-Rado Theorem (cf. [6]) implies 
that a maximal simplex in P(r) can have at most 
many vertices. Hence p*(r) and J*(r) have equal dimension. 
The median graphs n(r) and p(r) have a rather similar cube pattern as 
the next result will show. We let Q(G) denote the collection of all cubes in 
G of dimension > 1. If v is a vertex of G, then Q”(G) is the subset of Q(G) 
consisting of all cubes containing v. 
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3.3. PROPOSITION. For r 2 3 there is a surjective operator 
4: QMr)) -+ Q&P(~)) 
with the following properties, 
(i) q preserves inclusion and dimension, 
(ii) Zf k > 1 and if QI, . . . . Qk E Qk E Q(A(r)) meet in a subcube of 
dimension 20, then the image cubes q(Ql), . . . . q(Qk) meet in a subcube of the 
same dimension. 
This operator induces a bijection of the respective sets of maximal cubes. 
Proof Let Q E J.(r) be a cube of dimension n 2 1. It has n pairs of 
opposite faces, and by Section 1.3(l), each pair inverts to a pair of 
complementary half-spaces under the nearest-point projection n(r) + Q. 
As indicated in Section 3.1, the latter pair corresponds to a partition of r. 
Distinct face partitions are linked, and it follows that the corresponding 
partitions of r are linked as well. So Q leads to an n-simplex S of P(r), 
which in turn gives an n-cube of p(r) of type 2’, containing the vertex /zl. 
This cube is defined to be q(Q), completing the definition of the operator q. 
Note that statement (i) is valid by construction. 
The surjectivity of q follows from a procedure of [19] to construct cubes 
from linked partitions. We give a brief description of it. Suppose for each 
i = 1, . . . . n we have a partition A,,, A,,, of r, and that these partitions are 
linked. For each function f: r -+ (0, 1 } there is a convex set 
C(f)= (j A,tf(ijSJ(r). 
i=l 
There is a smallest convex set Q in n(r) meeting all sets of type C(f) for 
f: r + (0, 1 }, and this set is a cube. It is easily seen that the partitions 
A,,, Ai,i for i= 1, . . . . n are exactly the ones arising from the various face 
partitions of Q. 
We next verify that q is injective on the set of maximal cubes of d(r). 
Together with (i), this s&ices to see that q is a bijection of the respective 
sets of maximal cubes. Let Qi # Q, be maximal cubes of n(r). Choose an 
arbitrary point in Q1, take the antipode v2 of its nearest point in Q2, and 
consider the antipode v, of the nearest point of v2 in Q, _ Then co{ v, , v2} 
includes both given cubes, and vi $ Q2 by the maximality of Qr. We obtain 
a half-space H with 
v,EH; Q2nH=0. 
We may assume that H is minimal with respect to this property. Then H 
induces a relative minimal half-space of the segment co{ vl, v, }, whence H 
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partitions Q, by Lemma 2.2. This leads to a partition of r which is involved 
in q(Ql), but not in q(Q2). 
We finally verify (ii). Let Q,, . . . . Qk for k > 1 be cubes of l,(r) meeting in 
a nonempty subcube Q of dimension n. For each i, let Pi be the list of 
linked bipartitions associated with the face partitions in Ql. We first 
assume that n > 1. In the common subcube Q we have n pairs of opposite 
(n - 1)-faces, which by the uniqueness property mentioned in Sec- 
tion 1.3(3) extend to n partitions common to all lists Pi. On the other 
hand, if A,, A, is a partition common to all lists, then each Qi meets A,f 
and A:, and by the Helly property, Q also meets these half-spaces. But 
then the sets Q n AZ, Q n A: constitute a face partition of Q and the par- 
tition A,, A, has been counted before. This shows that the image cubes 
q( Ql), . . . . q( QJ have an n-dimensional intersection. 
We next consider the case where n = 0. Then fif= i Qj = {v] for some 
vertex v. If A,,, A 1 is a partition common to all lists Pi, and, e.g., v E A,f , 
then the convex sets 
A :, Q, , . . . . Qk 
meet two by two, but have no point in common, a contradiction. We con- 
clude that the lists Pi of bipartitions have no common member, and hence 
that the image cubes only have the vertex @ in common. 1 
3.4. PROPOSITION. The median graphs 2*(r) and p*(r) are isomorphic for 
r = 3,4, 5, and are nonisomorphic for r 2 6. 
Proof: The cases r = 3,4 have been treated explicitly in Sections 3.1 and 
3.2. For r > 6 we find that A*(r) is not a simplex graph because its depth 
is 23, and hence p*(r) $ A*(r). We concentrate on r=5. There are 10 
different “2 versus 3” partitions in 5, each of which can be described by its 
2-point set. If i#j then we write ij instead of {i, j}. For each i= 1, . . . . 5, 
the list 
describes four mutually linked partitions, and hence it corresponds to a 
vertex of (a 4-cube of) p*(5). Consider a “2 versus 3” partition of these 
points, say, 
{PI, Pz> and {P3? p4, PSI. 
In the notation of 2.1, we have a half-space H(12) of p(5) containing the 
vertex 12 (explicitly, 12 denotes the single partition of 5 determined by the 
set 12 and its complement). Then by definition, 
PI, P*EW12); Pi#H(12) for i=3,4,5, 
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and it follows that the above partition is not a Radon partition. Formally, 
we can attach a new vertex i to p(5) at Pi for each i= 1, . . . . 5, in such a way 
that in the extended median graph p’(5), these new points act as extreme 
points. It follows from the above argument that { 1, . . . . 5> has no Radon 
partition at all, and hence the Radon number of its convex hull C in p’(5) 
is at least 5. Then by a “universal” property of superextensions, cf. [19], 
there is an embedding 
Now C is missing at least the live vertices which describe a single “1 versus 
4” partition of 5, and it contains five newly added vertices instead, whence 
by the information in Section 3.2, #C< #p(5) = #l(5). It follows that 
C\{ 1, -**, 5} = p*(5) and that f: A(5) z C. The desired result follows if we 
drop the five extreme points in each structure. 1 
Table I also gives detailed information about the cubical pattern of l(5). 
Imagine 10 edges starting at a central vertex fa. Their endpoints are 
grouped into five sets of four vertices, meeting two by two in one point (up 
to permutation, there is only one way to do this). Each group generates a 
4-cube. For each triple of 4-cubes, the three edges that are shared by two 
out of three cubes generate a 3-dimensional cube. So far, we only obtained 
A*(5). The graph p(5) is not of’direct use to see where the live extreme 
points of the superextension should be attached. As the hull of these must 
be the whole superextension, it appears that the only possible attaching 
points are the five antipodes of @ in the various 4-cubes. 
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